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We prove that two particular systems of hydrodynamic type can be represented as systems
of conservation laws, and that they decouple into non-interacting integrable subsystems.
The systems of hydrodynamic type in question were previously constructed, via a matrix
partial differential equation, from the Lax pairs for the classical Toda and Volterra systems.
The decoupling is guaranteed by the vanishing of the Nijenhuis tensor for each system;
integrability of the non-interacting subsystems, thus each system as a whole, is proven for
low eigenvalue multiplicities.
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1. Introduction
We study two particular quasilinear systems of partial differential equations (also known as systems of hydrodynamic
type) which were constructed originally in [1]. Using a matrix partial differential equation and the Lax pair for the classical
Volterra system, one obtains the following system for n unknown functions u1(t, x), . . . ,un(t, x):
uit = eu
i
uix + eu
i+1
i+1∑
j=1
u jx − eui−1
i−2∑
j=1
u jx, i = 1, . . . ,n (1)
(formally u0 = 0, un+1 = 0). Subscripts denote partial differentiation. Using another matrix partial differential equation and
the Lax pair for the classical Toda system, one obtains the following system for 2n unknown functions u1(t, x), . . . ,u2n(t, x):
u1t = u1u1x + eu
n+2−un+1un+1x , uit = uiuix + eu
n+i+1−un+i un+i+1x − eu
n+i−un+i−1un+i−1x , i = 2, . . . ,n,
un+it = uiun+ix + 2
i−1∑
j=1
u jx + uix, i = 1, . . . ,n (2)
(formally u0 = u2n+1 = 0).
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was shown that there exists a hierarchy of conservation laws for these systems, but the number of functionally independent
densities was less than the number of unknown functions. We show that this hierarchy of conservation laws can be enlarged
so as to write (1), (2) as systems of conservation laws.
In Section 3, we demonstrate that for each system (1), (2), the associated Nijenhuis tensor vanishes and we formulate
the resulting integrability results. More precisely, we write (1), (2) in the form of a system of hydrodynamic type,
∂ui
∂t
=
n∑
j=1
Aij(u)
∂u j
∂x
, i = 1, . . . ,n. (3)
It is well known that for systems of hydrodynamic type (3), the operator Aij(u) deﬁnes a (1,1)-tensor on the manifold M
n
of dependent variables u1, . . . ,un . We compute the Nijenhuis tensor Nijk(u) corresponding to the (1,1)-tensor A
i
j(u), and
show that it vanishes identically. Vanishing of the Nijenhuis tensor guarantees that a system of hydrodynamic type can, via
a change of variables, be decoupled into non-interacting subsystems [9,7,2,13].
Let us recall some preliminary facts concerning the classical Volterra and Toda systems. The Volterra system, ﬁrst studied
in the context of predator–prey systems [14], is a system of ﬁrst order ODEs, written
v˙ i(t) = vi(vi+1 − vi−1), (4)
for functions v1(t), . . . , vn(t), where formally v0 = vn+1 = 0. The Toda system, ﬁrst studied in the modeling of nonlinear
particle interactions [11,12], is written
p˙i(t) = eqi−1−qi − eqi−qi+1 , q˙i(t) = pi, (5)
for functions p1(t), . . . , pn(t), q1(t), . . . ,qn(t) (formally q0 = qn+1 = 0). The relationship between these two systems is stud-
ied in, for example, [10,3].
The Volterra system (4), as well as the Toda system (5), is Hamiltonian: after the change of variables vi = eui , the Volterra
system (4) becomes the Kac–van Moerbeke system
u˙i = eui+1 − eui−1
which has the form u˙i(t) =∑k P ik ∂h∂uk where
h(u) = 1
2
TrL2 =
n∑
=1
eu

, (6)
and P ik = δi+1k − δi−1k .
Furthermore, both the Volterra system (4) and the Toda system (5) admit a Lax pair, i.e. there exist time-dependent
matrices L, M such that the matrix differential equation
dL
dt
= [L,M] = LM−ML
is equivalent to the Volterra (respectively Toda) system [8,6]. The Lax pair for the Volterra system (4) is presented below in
Eq. (8), and the Lax pair for the Toda system (5) is presented below in Eq. (14) (after a change of variables).
Now, let us recount the construction of system (12). Consider the matrix partial differential equation
Lt = LLxL+ [L,M], (7)
where the (n + 1) × (n + 1) matrices L(t, x), M(t, x) have the form
L =
⎛
⎜⎜⎜⎝
0 v1 . . . 0
v1 0
. . .
...
...
. . .
. . . vn
0 . . . vn 0
⎞
⎟⎟⎟⎠ , M=
⎛
⎜⎜⎜⎜⎜⎜⎝
0 0 a1 . . . 0
0
. . .
. . .
. . .
...
−a1 . . . . . . . . . an−1
...
. . .
. . .
. . . 0
0 . . . −an−1 0 0
⎞
⎟⎟⎟⎟⎟⎟⎠
, (8)
where vi = vi(t, x) and ai = ai(t, x). Matrices (8) constitute the Lax pair for the Volterra system (4) [6]. Substituting L, M
into (7) results in dynamic equations
vit = vi
(
vi−1vi−1x + vi vix + vi+1vi+1x
)+ vi−1ai−1 − vi+1ai, (9)
for i = 1, . . . ,n, where v0 = vn+1 = 0, as well as algebraic equations
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which are resolved by setting
ai = −vi vi+1
(
i∑
j=1
v jx
v j
+ ϕ(t, x)
)
, (11)
for an arbitrary function ϕ(t, x). Substitution of (11) into (9) gives
vit = vi
[
vi vix +
(
vi+1
)2 i+1∑
j=1
v jx
v j
− (vi−1)2 i−2∑
j=1
v jx
v j
+ ϕ(t, x)[(vi+1)2 − (vi−1)2]
]
. (12)
When functions vi are independent of x, system (12) is equivalent to the Volterra system (4) under the change of dependent
variables vi = 2(vi)2 and the reparametrization of time t →
∫ t
t0
ϕ(s)ds. When the arbitrary function ϕ(t, x) is taken to be
identically zero, system (12) is a system of hydrodynamic type:
vit = vi
[
vi vix +
(
vi+1
)2 i+1∑
j=1
v jx
v j
− (vi−1)2 i−2∑
j=1
v jx
v j
]
. (13)
Under the substitution vi = exp(ui/2), system (13) becomes (1).
Remark 1. In Section 2 dealing with conservation laws, we will study this system in its form (13); in Section 3 dealing with
the Nijenhuis tensor, we will study this system in its form (1).
Following the same procedure using the Lax pair for the Toda system (5),
L =
⎛
⎜⎜⎜⎝
v1 vn+1 . . . 0
vn+1 v2
. . .
...
...
. . .
. . . v2n−1
0 . . . v2n−1 vn
⎞
⎟⎟⎟⎠ , M=
⎛
⎜⎜⎜⎝
0 a1 . . . 0
−a1 . . . . . . ...
...
. . .
. . . an−1
0 . . . −an−1 0
⎞
⎟⎟⎟⎠ , (14)
and the matrix differential equation
Lt = LLx + LxL+ [L,M], (15)
one arrives at the following system of PDEs for v1(t, x), . . . , vn(t, x):
v1t = 2v1v1x + 4vn+1vn+1x + 2ϕ(t, x)
(
vn+1
)2
,
vit = 2vi vix + 4
(
vn+i
)2 i∑
j=1
vn+ jx
vn+ j
− 4(vn+i−1)2 i−2∑
j=1
vn+ jx
vn+ j
+ 2ϕ(t, x)((vi+n)2 − (vi+n−1)2), i = 2, . . . ,n − 1,
vnt = 2vnvnx − 4
(
vn
)2 n−2∑
j=1
vn+ jx
vn+ j
− 2ϕ(t, x)(vn)2, (16)
and the following system of PDEs for vn+1(t, x), . . . , v2n−1(t, x):
vn+1t = 2v2vn+1x + vn+1
(
v1 + v2)x + ϕ(t, x)vn+1(v2 − v1),
vn+it = 2vi+1vn+ix + vn+i
(
vi + vi+1)x + 2vn+i(vi+1 − vi)
i−1∑
j=1
vn+ jx
vn+ j
+ ϕ(t, x)vn+i(vi+1 − vi), i = 2, . . . ,n − 2,
v2n−1t = 2vnv2n−1x + v2n−1
(
vn−1 + vn)x + 2v2n−1(vn − vn−1)
n−2∑
j=1
vn+ jx
vn+ j
+ ϕ(t, x)v2n−1(vn − vn−1), (17)
where ϕ(t, x) is an arbitrary function. When functions vi are independent of x, system (16), (17) is equivalent to the Toda
system (5) under the change of dependent variables vi = −pi , vi+n = 1√2 e(qi−qi+1)/2 and the reparametrization of time
t → ∫ t ϕ(s)ds. When ϕ(t, x) is taken to be identically zero, (16), (17) is a system of hydrodynamic type:t0
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vit = 2vi vix + 4
(
vn+i
)2 i∑
j=1
vn+ jx
vn+ j
− 4(vn+i−1)2 i−2∑
j=1
vn+ jx
vn+ j
, i = 2, . . . ,n,
vn+it = 2vi+1vn+ix + vn+i
(
vi + vi+1)x + 2vn+i(vi+1 − vi)
i−1∑
j=1
vn+ jx
vn+ j
, i = 1, . . . ,n − 1. (18)
Now let us show how to obtain system (2). Introduce new variables u1, . . . ,un , un+1, . . . ,u2n by
ui = vi, vi+n = exp
(
un+i+1 − un+i
2
)
(19)
(so that one new variable, say un+1, is arbitrary), and let us rescale time, t → 2t . This results in the system for u1, . . . ,un:
u1t = u1u1x + eu
n+2−un+1un+1x +
(
ϕ − un+1x
)
eu
n+2−un+1 ,
uit = uiuix + eu
i+n+1−ui+nui+n+1x − eu
i+n−ui+n−1ui+n−1x +
(
ϕ − un+1x
)(
eu
n+i+1−un+i − eun+i−un+i−1), i = 2, . . . ,n − 1,
unt = ununx − eu
2n−u2n−1u2n−1x −
(
ϕ − un+1x
)
eu
2n−u2n−1 .
After substituting (19) into (17), and summing from 1 to i − 1, (valid for i = 2, . . . ,n), we ﬁnd the following system:
un+it = uiun+ix + 2
i−1∑
j=1
u jx + uix + un+1t − u1x − u1ϕ +
(
ϕ − un+1x
)
ui,
for i = 2, . . . ,n. Setting the arbitrary function ϕ(t, x) to zero, one obtains (2) by requiring that
un+1x = 0, un+1t = u1x , (20)
which is consistent with (2). This shows that the system of hydrodynamic type (18) is connected with the system of
hydrodynamic type (2) through the change of variables (19) together with conditions (20).
Remark 2. In Section 2 dealing with conservation laws, we will study this system in its form (18); in Section 3 dealing with
the Nijenhuis tensor, we will study this system in its form (2).
Remark 3. Recall that a system of hydrodynamic type (3) is Hamiltonian if it can be written as
∂ui
∂t
=
n∑
k=1
P ik(u)
∂h
∂uk
, (21)
where h(u) is the density of a Hamiltonian functional H[u] = ∫ h(u)dx and the operator P ik(u) has the form
P ik(u) = gik(u) ∂
∂x
+
n∑
j=1
bikj (u)u
j
x, (22)
and deﬁnes a Poisson bracket
{F ,G} =
∫ n∑
i,k=1
δF
δui
P ik(u)
δG
δuk
dx (23)
on the space of local functionals F [u] = ∫ f (u)dx [4].
As was remarked in [2], the system (1) can be written in the form (21), where h(u) is the Hamiltonian function (6) for
the Volterra system (4) and the operator P ik has the form (22) where gik , bikj have only the following nonzero entries:
gii = gi,i+1 = gi+1,i = 1, bi,i+1j = −bi+1,ij = 1, for 1 j  i.
However, while the resulting bracket (23) is skew-symmetric, it does not satisfy the Jacobi identity, and hence is not a
Poisson bracket. Hence it was not previously known if system (1) is Hamiltonian. We will see in Section 3 that vanishing of
the Nijenhuis tensor implies that it is indeed Hamiltonian.
An identical remark holds for system (2); it can be written in the form (21) using the Hamiltonian function for the Toda
system (5), but the resulting bracket does not satisfy the Jacobi identity. Once more, we will see in Section 3 that vanishing
of the Nijenhuis tensor implies that system (2) is indeed Hamiltonian.
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An important consequence of using a matrix differential equation such as (7) or (15) to construct systems of PDEs is that
the eigenvalues μk of L obey a partial differential equation derived from the matrix differential equation. For example, for
system (12) the eigenvalues μk of L as deﬁned in (8) obey the PDE
(μk)t = μ2k (μk)x. (24)
However, the eigenvalues of the (n + 1) × (n + 1) matrix L are symmetric with respect to zero, hence there are only n+12 
functionally independent eigenvalues. It is more convenient to express the information in (24) in terms of traces of powers
of L:
Proposition 1. (See [1].) The system (12) admits the following n+12  independent conservation laws:
1
2k
Tr
(
L2k
)
t =
1
2(k + 1)
(
TrL2(k+1)
)
x; k = 1,2, . . . ,
⌊
n + 1
2
⌋
.
Let us sketch the proof, for convenience. Multiply (7) by mLm−1 (for any integer m 1), and take the trace of both sides;
the trace of Lm will be nonzero only for m = 2k. Since the eigenvalues of the (n + 1) × (n + 1) matrix L are symmetric
with respect to zero, only n+12  of them are independent, and so there are only n+12  independent traces of powers,
L2,L4, . . . ,L2 n+12  .
We now prove that the system (13) with n unknowns admits n independent conservation laws.
Lemma 1. If v1(t, x), . . . , vn(t, x) obey the system (13), then the n × n matrices
L˜ =
⎛
⎜⎜⎜⎝
0 v2 . . . 0
v2 0
. . .
...
...
. . .
. . . vn
0 . . . vn 0
⎞
⎟⎟⎟⎠ , M˜=
⎛
⎜⎜⎜⎜⎜⎜⎝
0 0 a2 . . . 0
0
. . .
. . .
. . .
...
−a2 . . . . . . . . . an−1
...
. . .
. . .
. . . 0
0 . . . −an−1 0 0
⎞
⎟⎟⎟⎟⎟⎟⎠
, (25)
also obey the matrix differential equation (7).
Proof. From the substitution of L˜, M˜ (25) into (7), we ﬁnd that the claim is equivalent to the following equations:
v2t = v2
(
v2v2x + v3v3x
)− v3a2, (26a)
vit = vi
(
vi−1vi−1x + vi vix + vi+1vi+1x
)+ vi−1ai−1 − vi+1ai, i = 3, . . . ,n. (26b)
For i > 2, these agree precisely with (9) for i > 2, and the resulting algebraic equations are precisely (10) which again
are resolved according to (11). We need only check that (26a), upon substitution of (11), agrees with the equation for v2t
from (13); this is trivial provided the arbitrary function ϕ(t, x) from (11) vanishes. 
Remark 4. The result of Lemma 1 cannot be “iterated”. That is to say, if one considers the matrices obtained by deleting
the ﬁrst two rows and columns of (8), it is not true that such matrices satisfy (7). Indeed, following a similar procedure as
in the proof of Lemma 1, one would require v3t = v3(v3v3x + v4v4x) − v4a3, which does not agree with the equation for v3t
from (13).
Proposition 2. System (13) for n unknowns admits n independent conservation laws:
1
2k
Tr
(
L2k
)
t =
1
2(k + 1)
(
TrL2(k+1)
)
x; k = 1,2, . . . ,
⌊
n + 1
2
⌋
,
1
2k
Tr
(
L˜2k
)
t =
1
2(k + 1)
(
Tr L˜2(k+1)
)
x; k = 1,2, . . . ,
⌊
n
2
⌋
, (27)
where L is as in (8) and L˜ is as in (25). Deﬁne gk := 12k Tr(L˜2k), fk := 12k Tr(L2k) − gk; then the conservation laws (27) become
∂ fk
∂t
= ∂ fk+1
∂x
; k = 1,2, . . . ,
⌊
n + 1
2
⌋
, (28a)
∂ gk
∂t
= ∂ gk+1
∂x
; k = 1,2, . . . ,
⌊
n
2
⌋
. (28b)
These laws consist of homogeneous polynomials; laws (28a) depend only on v1, . . . , vk+1 , while laws (28b) are independent of v1 .
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L˜, M˜ via Lemma 1. By deﬁnition, fk := 12k Tr(L2k) − 12k Tr(L˜2k) depends on (and only on) v1, . . . , vk , and so f1, . . . , f(n+1)/2
are functionally independent. To show that the collection of functions f1, . . . , f(n+1)/2 , g1, . . . , gn/2 are functionally inde-
pendent, deﬁne
F = f1 × · · · × f(n+1)/2, G = g1 × · · · × gn/2, Φ = F × G;
we show that DΦ has full rank. Since fk depends only on u1, . . .uk , we ﬁnd DΦ has the form
DΦ =
(
DF 0
D1G D2G
)
where (D1G)ij = ∂ gi/∂u j for j = 1, . . . (n + 1)/2 and (D2G)ij = ∂ gi/∂u j for j = (n + 1)/2 + 1, . . . ,n. It is straightforward
to show that the rows of D2G are linearly independent, thus DΦ indeed has full rank. 
For example, when n = 4, there are four conservation laws given by (28) with functions
f1 =
(
v1
)2
,
f2 = 1
2
(
v1
)4 + (v1)2(v2)2,
f3 = 1
3
(
v1
)6 + (v1)4(v2)2 + (v1)2(v2)4 + (v1)2(v2)2(v3)2,
g1 =
(
v2
)2 + (v3)2 + (v4)2,
g2 = 1
2
(
v2
)4 + 1
2
(
v3
)4 + 1
2
(
v4
)4 + (v2)2(v3)2 + (v3)2(v4)2,
g3 = 1
3
(
v2
)6 + 1
3
(
v3
)6 + 1
3
(
v4
)6 + (v2)4(v3)2 + (v2)2(v3)4 + (v3)4(v4)2 + (v3)2(v4)4 + (v2)2(v3)2(v4)2.
Turning now to system (18), it is known [1] that the eigenvalues μk of L as deﬁned in (14) obey
(μk)t = 2μk(μk)x.
As before, it is more convenient to express this information in terms of traces of powers of L:
Proposition 3. (See [1].) The system (18) admits the following n independent conservation laws:
1
k
Tr
(
Lk
)
t =
1
k + 1
(
TrLk+1
)
x; k = 1, . . . ,n.
We now prove that the system (18) with 2n − 1 unknowns admits 2n − 1 independent conservation laws.
Lemma 2. If v1(t, x), . . . , vn(t, x), vn+1(t, x), . . . , v2n−1(t, x) obey the system (18), then the n × n matrices
L˜ =
⎛
⎜⎜⎜⎝
v2 vn+2 . . . 0
vn+2 0
. . .
...
...
. . .
. . . v2n−1
0 . . . v2n−1 vn
⎞
⎟⎟⎟⎠ , M˜=
⎛
⎜⎜⎜⎜⎜⎜⎝
0 a2 0 . . . 0
−a2 . . . . . . . . . ...
0
. . .
. . .
. . . 0
...
. . .
. . .
. . . an−1
0 . . . 0 −an−1 0
⎞
⎟⎟⎟⎟⎟⎟⎠
, (29)
also obey the matrix differential equation (15).
Proof. The proof is identical to that of Lemma 1. 
Proposition 4. System (18) for 2n − 1 unknowns admits 2n − 1 independent conservation laws:
1
k
Tr
(
Lk
)
t =
1
k + 1
(
TrLk+1
)
x; k = 1,2, . . . ,n,
1
k
Tr
(
L˜k
)
t =
1
k + 1
(
Tr L˜k+1
)
x; k = 1,2, . . . ,n − 1. (30)
where L is as in (14) and L˜ is as in (29).
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depends only on v1, . . . , v , vn+1, . . . , vn+−1 , while for k = 2 even, fk = f2 depends only on v1, . . . , v , vn+1, . . . , vn+ . The
conservation laws (30) become
∂ fk
∂t
= ∂ fk+1
∂x
; k = 1,2, . . . ,n, (31a)
∂ gk
∂t
= ∂ gk+1
∂x
; k = 1,2, . . . ,n − 1. (31b)
These laws consist of homogeneous polynomials.
Proof. The proof is similar to that of Proposition 2. 
For example, when n = 3, there are ﬁve conservation laws given by (31) with functions
f1 = v1,
f2 = 1
2
(
v1
)2 + (v4)2,
f3 = 1
3
(
v1
)3 + (v4)2(v1 + v2),
f4 = 1
4
(
v1
)4 + 1
2
(
v4
)4 + (v4)2((v1)2 + (v2)2 + (v5)2 + v1v2),
g1 = v2 + v3,
g2 = 1
2
(
v2
)2 + 1
2
(
v3
)2 + (v5)2,
g3 = 1
3
(
v2
)3 + 1
3
(
v3
)3 + (v5)2(v2 + v3).
3. Vanishing of the Nijenhuis tensor and integrability
Recall that a system of hydrodynamic type is written as (3) where Aij(u) is a (1,1)-tensor on the manifold M
n of de-
pendent variables u1, . . . ,un . Given a (1,1)-tensor Aij on a manifold M
n , the Nijenhuis (1,2)-tensor Nijk(u) has components
Nijk =
n∑
=1
(
Aj
∂ Aik
∂u
− Ak
∂ Aij
∂u
+ Ai
∂ Aj
∂uk
− Ai
∂ Ak
∂u j
)
. (32)
It is well known [9] that if the eigenvalues of Aij(u) are real and distinct, there exist local coordinates u where
Aij(u) = λi
(
ui
)
δij (no summation). (33)
If Aij(u) is the operator for a system of hydrodynamic type, then Eq. (33) implies that the system can be written in the form
∂ui
∂t
= λi
(
ui
)∂ui
∂x
(no summation), (34)
which is evidently integrable. Furthermore, system (34) is evidently Hamiltonian (21), as it is merely n independent copies
of the inviscid Burger’s equation.
If all eigenvalues of Aij(u) are not necessarily real and distinct, but rather complex, and/or of higher multiplicity, then
vanishing of the Nijenhuis tensor Nijk implies the existence of local coordinates u such that A
i
j(u) is decomposed into non-
interacting blocks [2]. That is, if Aij(u) is the operator for a system of hydrodynamic type, in such coordinates u the system
is a direct sum of non-interacting subsystems:
∂umj+i
∂t
=
n j∑
=1
A
mj+i
m j+
(
umj+1, . . . ,umj+n j
)∂umj+
∂x
.
Here j = 1, . . . ,k, where k is the number of subsystems; n j is the dimension of the jth subsystem, n1 + · · · + nk = n;
i = 1, . . . ,n j , and mj = 1 + · · · + n j−1. For instance, if Aij(u) has complex conjugate eigenvalues of multiplicity one, one
obtains a subsystem of the form
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Recall that in general, a two-component system of hydrodynamic type can be linearized by the classical hodograph method,
hence is integrable [5].
Furthermore, for a (1,1)-tensor Aij(u) with real eigenvalues of any multiplicity, vanishing of the Nijenhuis tensor implies
that there are coordinates u wherein Aij(u) is upper triangular [13]. It is easy to demonstrate, for small multiplicities, that in
such coordinates the entries of Aij(u) depend on u in such a way as to guarantee integrability of the corresponding system
of hydrodynamic type. For example, consider a real eigenvalue λ(u) of Aij(u) occurring with multiplicity four. Then there is
a corresponding four-component subsystem
∂ui
∂t
=
4∑
=1
Ai
(
u1,u2,u3,u4
)∂u
∂x
, i = 1,2,3,4,
and furthermore there are coordinates u wherein
Aij(u) =
⎛
⎜⎜⎝
λ(u) A12(u) A
1
3(u) A
1
4(u)
0 λ(u) A23(u) A
2
4(u)
0 0 λ(u) A34(u)
0 0 0 λ(u)
⎞
⎟⎟⎠ .
By straightforward calculations, vanishing of the Nijenhuis tensor implies
∂λ
∂u1
= ∂λ
∂u2
= ∂λ
∂u3
= 0,
as well as
∂ A34
∂u1
= 0, ∂ A
3
4
∂u2
= 0, ∂ A
2
3
∂u1
= 0, ∂ A
2
4
∂u1
= 0.
Thus the resulting system of hydrodynamic type is integrable:
u1t = λ
(
u4
)
u1x + A12
(
u1,u2,u3,u4
)
u3x + A13
(
u1,u2,u3,u4
)
u3x + A14
(
u1,u2,u3,u4
)
u4x ,
u2t = λ
(
u4
)
u2x + A23
(
u2,u3,u4
)
u3x + A24
(
u2,u3,u4
)
u4x ,
u3t = λ
(
u4
)
u3x + A34
(
u3,u4
)
u4x ,
u4t = λ
(
u4
)
u4x .
(Evidently, the same occurs for eigenvalues of multiplicity three, as is seen by taking A12 = A13 = A14 = 0.)
Remark 5. The above considerations demonstrate the complete integrability of a system of hydrodynamic type whose Nijen-
huis tensor vanishes, provided all complex eigenvalues are distinct and real eigenvalues have multiplicity less than or equal
to four.
The system of hydrodynamic type (1) derived from the Volterra system can be written as uit = Aij(u)u jx with
Aij(u) = eu
i
δij + eu
i+1
i+1∑
r=1
δrj − eu
i−1
i−2∑
r=1
δrj. (35)
Proposition 5. For the system of hydrodynamic type (1) derived from the Volterra system, the Nijenhuis tensor Nijk vanishes. Thus
there are local coordinates where the system decouples into non-interacting subsystems.
Proof. From (35), we have
∂ Aij
∂uk
= eui δijδik + eu
i+1
(
i+1∑
r=1
δrj
)
δi+1k − eu
i−1
(
i−2∑
r=1
δrj
)
δi−1k . (36)
Using (35) and (36), the components of the Nijenhuis tensor (32) are, after grouping like terms and performing any obvious
cancellations,
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i+1+ui+2
i+1∑
r=1
(
δrkδ
i+2
j − δrjδi+2k
)+ e2ui+1 i∑
r=1
(
δrkδ
i+1
j − δrjδi+1k
)− e2ui−1 i−2∑
r=1
(
δrkδ
i−1
j − δrjδi−1k
)
− eui−1+ui−2
i−3∑
r=1
(
δrkδ
i−2
j − δrjδi−2k
)+ eui+1 i+1∑
s=1
s+1∑
r=1
eu
s+1(
δrjδ
s+1
k − δrkδs+1j
)
− eui−1
i−2∑
s=1
s+1∑
r=1
eu
s+1(
δrjδ
s+1
k − δrkδs+1j
)− eui+1 i+1∑
s=1
s−2∑
r=1
eu
s−1(
δrjδ
s−1
k − δrkδs−1j
)
+ eui−1
i−2∑
s=1
s−2∑
r=1
eu
s−1(
δrjδ
s−1
k − δrkδs−1j
)
. (37)
Now note that terms ﬁve and six of (37) vanish when the summand r = s + 1, so r ranges from 1 to s. Furthermore, in
terms seven and eight, since the index r ranges to s − 2, the index s in fact starts at s = 3. Thus (37) can be written
Nijk = eu
i+1+ui+2
i+1∑
r=1
(
δrkδ
i+2
j − δrjδi+2k
)+ e2ui+1 i∑
r=1
(
δrkδ
i+1
j − δrjδi+1k
)− e2ui−1 i−2∑
r=1
(
δrkδ
i−1
j − δrjδi−1k
)
− eui−1+ui−2
i−3∑
r=1
(
δrkδ
i−2
j − δrjδi−2k
)+ eui+1
(
i+1∑
s=1
s∑
r=1
eu
s+1(
δrjδ
s+1
k − δrkδs+1j
)− i−1∑
s=1
s∑
r=1
eu
s+1(
δrjδ
s+1
k − δrkδs+1j
))
− eui−1
(
i−2∑
s=1
s∑
r=1
eu
s+1(
δrjδ
s+1
k − δrkδs+1j
)− i−4∑
s=1
s∑
r=1
eu
s+1(
δrjδ
s+1
k − δrkδs+1j
))
, (38)
which simpliﬁes to
Nijk = eu
i+1+ui+2
i+1∑
r=1
(
δrkδ
i+2
j − δrjδi+2k
)+ e2ui+1 i∑
r=1
(
δrkδ
i+1
j − δrjδi+1k
)− e2ui−1 i−2∑
r=1
(
δrkδ
i−1
j − δrjδi−1k
)
− eui−1+ui−2
i−3∑
r=1
(
δrkδ
i−2
j − δrjδi−2k
)+ e2ui+1 i∑
r=1
(
δrjδ
i+1
k − δrkδi+1j
)+ eui+1+ui+2 i+1∑
r=1
(
δrjδ
i+2
k − δrkδi+2j
)
− eui−1+ui−2
i−3∑
r=1
(
δrjδ
i−2
k − δrkδi−2j
)− e2ui−1 i−2∑
r=1
(
δrjδ
i−1
k − δrkδi−1j
)= 0.  (39)
Remark 6. Let us consider the system derived from the Volterra system (1) when n = 3. The operator Aij(u) (35) has the
form
Aij(u) =
⎛
⎝eu
1 + eu2 eu2 0
eu
3
eu
2 + eu3 eu3
−eu2 0 eu3
⎞
⎠ ,
with eigenvalues
λ1 = eu2 + eu3 , 2λ2,3 = eu1 + eu2 + eu3 ±
((
eu
1 − eu3)2 + e2u2 + eu1eu2 + eu2eu3)1/2.
Evidently these are real and distinct, so by the classical result of Nijenhuis [9], there exist coordinates where the system (1)
for n = 3 has the form (34), thus is integrable and Hamiltonian.
Remark 7. Let us consider the system derived from the Volterra system (1) when n = 4. The operator Aij(u) (35) has the
form
Aij(u) =
⎛
⎜⎝
eu
1 + eu2 eu2 0 0
eu
3
eu
2 + eu3 eu3 0
eu
4 − eu2 eu4 eu3 + eu4 eu4
−eu3 −eu3 0 eu4
⎞
⎟⎠ ,
with eigenvalues
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((
eu
2 − eu4)2 + e2u3 + eu2eu3 + eu3eu4)1/2,
2λ3,4 = eu1 + eu2 + eu3 + eu4 ±
((
eu
1 + eu2 + eu3 − eu4)2 − 4eu3(eu1 − eu4))1/2.
Evidently λ1, λ2 are real. Let us show that the discriminant D of λ3, λ4 is non-negative. This is evident if eu
1 − eu4 < 0. If
eu
1 − eu4 > 0, then
0 < eu
1 − eu4 < eu1 + eu2 + eu3 − eu4 ,
and so (eu
1 + eu2 + eu3 − eu4)2 > (eu1 + eu3 − eu4 )2 which reduces to
D >
(
eu
1 − eu3 − eu4)2 > 0.
Thus all eigenvalues are real and distinct, so as in the previous remark, system (1) for n = 4 is integrable and Hamiltonian.
The system of hydrodynamic type (2) derived from the Toda system can be written as uit = Aij(u)u jx with
Aij(u) =
(
D(u1, . . . ,un) S(un+1, . . . ,u2n)
C D(u1, . . . ,un)
)
,
where D , S , C are n × n matrices, D is diagonal, S is skew, and C is constant:
D =
⎛
⎜⎜⎜⎝
u1 0 · · · 0
0 u2
. . .
...
...
. . .
. . . 0
0 · · · 0 un
⎞
⎟⎟⎟⎠ , C =
⎛
⎜⎜⎜⎝
1 0 · · · 0
2 1
. . . 0
... 2
. . . 0
2 · · · 2 1
⎞
⎟⎟⎟⎠ ,
S =
⎛
⎜⎜⎜⎝
0 eu
n+2−un+1 · · · 0
−eun+2−un+1 0 . . . ...
...
. . .
. . . eu
2n−u2n−1
0 · · · −eu2n−u2n−1 0
⎞
⎟⎟⎟⎠ .
This may be written as:
Aij(u) = uiδi+nj+n + ui−nδi−nj−n + δi−nj + 2
n− j∑
r=1
δi−n−rj + Ei+1δi+n+1j − Eiδi+n−1j , (40)
where
E1 = 0, Ei = eui+n−ui+n−1 , i = 2, . . . ,n, En+1 = 0. (41)
Proposition 6. For the system of hydrodynamic type (2) derived from the Toda system, the corresponding Nijenhuis tensor Nijk van-
ishes. Thus there are local coordinates where the system decouples into non-interacting subsystems.
Proof. From (40), we compute
∂ Aij(u)
∂uk
= δikδi+nj+n + δi−nk δi−nj−n + Ei+1δi+n+1j
(
δi+n+1k − δi+nk
)− Eiδi+n−1j (δi+nk − δi+n−1k ). (42)
Formally, after grouping like terms and effecting simple cancellations, we ﬁnd the components of the Nijenhuis tensor (32)
to be
1
2
Nijk = Ei+1δin
(
δi+n+1j − δi+n+1k
)+ Eiδin+1(δi+n−1j − δi+n−1k )+ Ei(δi+n−1k δi+nj − δi+n−1j δi+nk )
+
n∑
=1
n−∑
r=1
E+1δi−n−r
(
δn++1k δ
n+
j − δn++1j δn+k
)+ n∑
=1
n−∑
r=1
Eδi−n−r
(
δn+−1k δ
n+
j − δn+−1j δn+k
)
. (43)
Evidently the ﬁrst and second terms vanish since E1 = En+1 = 0 by deﬁnition (41). Furthermore, by shifting indices we ﬁnd
that the last term can be re-expressed as
−
n−1∑ n−∑
E+1δi−n−r
(
δn++1k δ
n+
j − δn++1j δn+k
)
.=1 r=2
P. Reynolds / Differential Geometry and its Applications 30 (2012) 371–381 381Using the fact once more that En+1 = 0, we ﬁnd expression (43) simpliﬁes to
1
2
Nijk = Ei
(
δi+n−1k δ
i+n
j − δi+n−1j δi+nk
)+ n−1∑
=1
E+1δi−n−1
(
δn++1k δ
n+
j − δn++1j δn+k
)
= Ei(δi+n−1k δi+nj − δi+n−1j δi+nk )+ Ei(δi+nk δi+n−1j − δi+nj δi+n−1k )= 0. 
Remark 8. Let us consider the system derived from the Toda system (2) when n = 2. The operator Aij(u) (40) has the form
Aij(u) =
⎛
⎜⎝
u1 0 0 eu
4−u3
0 u2 −eu4−u3 0
1 0 u1 0
2 1 0 u2
⎞
⎟⎠ ,
with real eigenvalues
λ = 1
2
(
u1 + u2 ±
√(
u1 − u2)2 + 4eu4−u3),
of multiplicity two. Thus the four-component system (2) for n = 2 is integrable and Hamiltonian.
Acknowledgements
The author wishes to thank Oleg Bogoyavlenskij (Queen’s University), Javier Turiel (Universidad de Málaga) and Niky
Kamran (McGill University) for very helpful communications. This research was partially funded by the Natural Sciences and
Engineering Research Council of Canada (NSERC).
References
[1] O.I. Bogoyavlenskij, Systems of hydrodynamic type, connected with the Toda lattice and the Volterra model, Fields Inst. Commun. 3 (1994) 49–68.
[2] O.I. Bogoyavlenskij, Decoupling problem for systems of quasi-linear PDEs, Comm. Math. Phys. 269 (2) (2007) 545–556.
[3] P. Damianou, R.L. Fernandes, From the Toda lattice to the Volterra lattice and back, Rep. Math. Phys. 50 (3) (2002) 361–378.
[4] B. Dubrovin, S.P. Novikov, Hamiltonian formalism of one-dimensional systems of the hydrodynamic type and the Bogolyubov–Whitham averaging
method, Soviet Math. Dokl. 27 (3) (1983) 665–669.
[5] L.C. Evans, Partial Differential Equations, American Mathematical Society, Providence, RI, 1998.
[6] H. Flaschka, The Toda lattice I. Existence of integrals, Phys. Rev. B 9 (4) (1974) 1924–1925.
[7] J. Haantjes, On Xm-forming sets of eigenvectors, Nederl. Akad. Wetensch. Proc. Ser. A. 58 (17) (1955) 158–162.
[8] P.D. Lax, Integrals of nonlinear equations of evolution and solitary waves, Comm. Pure Appl. Math. 21 (1968) 467–490.
[9] A. Nijenhuis, Xn−1-forming sets of eigenvectors, Nederl. Akad. Wetensch. Proc. Ser. A. 54 (13) (1951) 200–212.
[10] G. Teschl, On the Toda and Kac–van Moerbeke hierarchies, Math. Z. 231 (2) (1999) 325–344.
[11] M. Toda, Vibration of a chain with nonlinear interaction, J. Phys. Soc. Jpn. 22 (2) (1967) 431–436.
[12] M. Toda, M. Wadati, A canonical transformation for the exponential lattice, J. Phys. Soc. Jpn. 39 (5) (1975) 1204–1211.
[13] F.-J. Turiel, Classiﬁcation of (1,1)-tensor ﬁelds and bi-Hamiltonian structures, in: Singularities and Differential Equations, Banach Centre Publications,
Warsaw, 1996.
[14] V. Volterra, Variation and ﬂuctuations of the number of individuals of animal species living together, ICES J. Mar. Sci. 3 (1) (1928) 3.
